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Abstract. We obtain new lower bounds of the minimal genus of a locally flat 
surface representing a 2-dimensional homology class in a topological 4- manifold 
with boundary, using the von Neumann-Cheeger-Gromov p-invariant. As an 
application our results are employed to investigate the slice genus of knots. 
We illustrate examples with arbitrarily large slice genus for which our lower 
bound is optimal but all previously known invariants vanish. 



1. Introduction and main results 

This paper concerns the problem of the minimal genus of a locally flat em- 
bedded surface representing a given 2-dimensional homology class in a topological 
4-manifold. Precisely, a locally flat closed surface S in a topological 4-manifold W 
is said to represent a S H2{W) if the fundamental class of S is sent to a under 
the map induced by the inclusion. In this paper manifolds are always oriented and 
surfaces are assumed to be connected. 

For topological 4-manifolds which are closed (or with boundaries consisting of 
homology spheres), there are remarkable known results which provide lower bounds 
of the minimal genus, including Kervaire-Milnor ,KM 61 . Hsiang-Szczarba HS71| . 
Rokhlin |Rok71| . and Lee-Wilczyhski |LW97[IlW00) . Basically these lower bounds 
are extracted by considering Rokhlin's theorem and algebraic topology of finite 
cyclic branched coverings. Also, interesting results on the smooth analogue of this 
problem have been obtained using gauge theory for a certain class of smooth 4- 
manifolds. Related works include results on the Thom conjecture and adjunction 
inequality due to Kronheimer-Mrowka .K.MO.'i KM95b, KM95a , Morgan-Szabo- 
Taubes |MST9()| . Kronheimer |Kro99| . and Ozsvath-Szabo OSOOb, OSOO^. One 
may obtain a lower bound in a 4-manifold with boundary when it embeds into 
another 4-manifold for which the above lower bound results can be applied di- 
rectly. For example, the adjunction inequality is proved in Stein 4-manifolds via an 
embedding theorem due to Lisca-Matic |LM97[ OT981 IAM97j . 

In this paper we focus on the minimal genus problem in a topological 4-manifold 
which has boundary with nontrivial homology. Our results give new lower bounds 
of the minimal genus, for homology classes from the boundary, in terms of the von 
Neumann-Cheeger-Gromov p-invariants of the boundary. As an application we give 
lower bounds of the slice genus of a knot. Examples illustrate that the p-invariants 
detect arbitrarily large minimal genus that all previously known results do not. 

Minimal second Betti number of a 4-dimensional bordism. We obtain lower 
bounds of the minimal genus through the following problem on 4-dimensional bor- 
disms: what is the minimal second Betti number of a topological nuU-bordism of 
a given closed 3-manifold endowed with a group homomorphism of the fundamen- 
tal group? Our principal result on this is as follows. Let F be a poly-torsion- 
free-abelian (PTFA) group, i.e., F admits a finite length normal series {Gi} with 
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Gi/Gi+i torsion-free abelian. It is known that there is a (skew-) field K. of right 
quotients of ZF. Let 7^ be a subring of K. which is a PID containing ZF. Then 
F acts on the abehan group IC/TZ via right multiphcation so that the semi-direct 
product [Kl/TZ) x F is defined. 

Theorem 1.1. Suppose M is a closed 3-manifold endowed with a homomorphism 
(j): 7ri(Af) T, and W is a topological 4^-maniJold with boundary M such that (p 
factors through Tri{W). Then the followings hold: 

(1) The second Betti number I32{W) satisfies 

\p{M,cj))\<2P2{W) 

where p{M,(j)) e M denotes the von Neumann-Cheeger-Gromov p-invariant 
of M associated to 4>. 

(2) In addition, if the twisted homology Hi{M;TZ) is TZ-torsion and not gen- 
erated by any l32{W) elements, then there is a nontrivial submodule P in 
}loiTi{Hi{M;TZ), IC/7V) such that every homomorphism in P gives rise to a 
lift (j)i : 7ri(M) — > (IC/TV) yi T of (j) which factors through t:i{W). 

More detailed versions of Theorem 11.11 (1) and (2) are stated and proved in 
Section [3 and 131 respectively. To prove (1), we regard the p-invariant of M as 
an i^-signature defect of W, and estimate the L^-signature of W in terms of the 
and ordinary Betti number. While (1) gives a lower bound of (32{W) without 
using (2), further information may be obtained when (2) is combined with (1); note 
that (2) gives a sufficient condition which implies that a certain "bigger" coefRcient 
system of M, namely </>!, extends to W. In case that 0i extends, (1) can be applied 
again to cfii to obtain further lower bounds of (]2{W) (and possibly this process may 
be iterated). 

This type of coefficient extension problem plays a crucial role in earlier landmark 
works in knot theory, including Casson and Gordon 'CG 86l[CG78j . Gilmer |Gil82| . 
and in particular Cochran, Orr, and Teichner ^OT03, COT04| . from which The- 
orem ^3 has been directly motivated. In |COT03I m(7T04| the extension problem 
is investigated when Hi{dW; Q) = Hi{W; Q) = Q and W satisfies some geometric 
condition related to the existence of a Whitney tower (such W is called an {h)- 
solution in |(X)T03j ). In order to deal with the extension problem without assum- 
ing these conditions, as in Theorem ll.il (2). we investigate the relationship of the 
Blanchfield linking form of M and the intersection form of W over 72.-coefficients, 
and import ideas from Gilmer's work |Gil82| on Casson-Gordon invariants. 

The following result relates the minimal second Betti number of bordisms with 
a particular type of the minimal genus problem in a 4-manifold with boundary. 
Suppose is a topological 4-manifold with boundary M, Hi{W) = 0, and cr is 
a 2-dimensional homology class contained in the image of H2{M) H2{W). In 
Section 21 we will describe a homomorphism (})„ : 7ri(A/) Z determined by cr. 

Proposition 1.2. If ipa is nontrivial and there is a locally flat embedded surface of 
genus g in W representing a , them there is a topological 4-manifold V bounded by 
M such that (j)^ : tti{M) Z factors through tti{V) and l32{V) = l32{W) -\-2g-l. 

Consequently, lower bounds of (32{V) obtained by (possibly repeatedly) applying 
Theorem 11.11 give rise to lower bounds of the genus g. 

Slice genus of a knot. As an application, we employ our results on the minimal 
genus problem to investigate the slice genus of a knot K in. S^. The topological slice 
genus gl{K) of K is defined to be the minimal genus of a locally flat surface F 
properly embedded in D** in such a way that dF = K, viewing as the boundary 
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of D*. The smooth slice genus gl{K) is defined similarly, requiring to be a 
smooth submanifold oi D^. Obviously g\{K) < gl{K). 

There are various known lower bounds of the slice genus. Clearly any obstruc- 
tion to being a slice knot can be viewed as a lower bound of the form (slice 
genus) > 1. It is well known that some invariants derived from a Seifert ma- 
trix, including the signature of a knot, can be used to detect higher topological 
slice genus. Gilmer showed that Casson-Gordon invariants of a knot K give fur- 
ther lower bounds of gi{K) Gil82 . For the smooth slice genus, further results 
based on gauge theory are known. For a special class of knots which includes the 
torus knots, an optimal lower bound is obtained as an application of the Thorn 
conjecture due to Mrowka-Kronheimcr KM93 . For an arbitrarily given knot K, 
the Thurston-Bennequin invariant (together with the rotation invariant) of a Leg- 
endrian representation of K is known to give a lower bound of gl{K), due to 
Rudolph RudgS, Rud97 , Kronheimer-Mrowka, Akbulut-Matveyev AM97j . and 
Lisca-Matic jLM97l IlMqS) . More recently, Ozsvath-Szabo's r-invariant |OS03j and 
Rasmussen's s-invariant IRas04| defined from knot homology theories of Ozsvath- 
Szabo and Khovanov have been known to give new lower bounds of g^ (K) . 

It is well-known that lower bounds of the slice genus can be obtained through 
minimal genus problems in 4-manifolds with boundary; the slice genus of a knot 
K is bounded from below by the minimal genus for a specific homology class in 
the 4-manifold obtained by attaching a 2-handle to the 4-ball along K. It follows 
that Theorem 11.11 and Proposition 1 1 . 21 give lower bounds of the slice genus in terms 
of the p-invariants. In fact, it turns out that this method gives us lower bounds 
of the genus of a locally flat surface bounded by iiT in a homology 4-ball with 
boundary S^. The following theorem illustrates that our lower bounds from the 
p-invariants actually reveal new information; one can detect arbitrarily large slice 
genus of knots that all the previously known lower bounds fail to detect. 

Theorem 1.3. For any positive integer g, there are infinitely many knots K with 
the following properties: 

(1) gi{K)^gl{K)^g. 

(2) K has a Seifert matrix of a slice knot. 

(3) K has vanishing Casson-Gordon invariants. 

(4) K has vanishing Ozsvdth-Szaho r-invariant and Rasmussen s-invariant. 

We remark that in the proof of Theorem ll.3l ( 1 ) , 5* (if) is detected by considering 
a minimal genus problem for which the results in |HS71[ IRokTll ILW97I ILWOOj give 
no interesting lower bound but the p-invariants give an optimal bound. We also 
remark that results of Cochran-Orr-Teichner |(X)Tfl3j can be used to reveal partial 
information that g\{K) > 0, i.e., K is not topologically slice. 

As a consequence of Theorem 11.31 (4), it follows that the applications of the 
adjunction inequality to the smooth slice genus as in nRudg? , LM97 . .LM9.81 IXM97 | 
give us no information on since r- and s-invariants are known to be sharper than 
the Thurston-Bennequin lower bound, due to Plamenevskaya |Pla04al IPla04bj and 
Shumakovitch |iShu0 4 . The author knows no other method to apply gauge theory 
to estimate the slice genus of our K. Finally we remark that in the proof of 
Theorem ll.3l f4'). we show a little more generalized statement (Lemma 15. 4|) that for 
any flnitely collection {$0} of integer- valued homomorphisms of the smooth knot 
concordance group that give lower bounds of gj, our K can be chosen in such a way 
that ^a{K) — for each i.e., no such homomorphism extracts any information 
on the slice genus of K. For more detailed discussion on Theorem ll.3l see Sectional 
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2. Betti numbers and L^-SIGNATURES 

In this section we prove Theorem 11.11 (1). The essential part of the proof is 
to estimate the L^-Betti number of a 4-manifold in terms of the ordinary Betti 
number. From this the desired relationship between the ordinary Betti number 
and the L^-signature follows, because L^-dimension theory enables us to show that 
the L^-signature is bounded by the (middle dimensional) L^-Betti number; this is 
an L^-analogue of a well-known fact that the ordinary signature is bounded by the 
Betti number. In this section all manifolds are topological manifolds. 

Upper bounds of L^-Betti numbers. We start by defining the algebraic L^- 
Betti number. As a primary reference on the L^-theory we need, we refer to Liick's 
book |Liic02| . Let F be a discrete countable group. While L^-invariants are usually 
defined via the group von Neumann algebra J\fT , in this paper we will mainly use 
the algebra UT of operators affiliated to A/'F, which is more useful for our purpose. 
Both coefficients are known to give the same L^-Betti number and signature. 
The L^-dimension theory provides a dimension function 

dimp ' : {finitely generated Z^/F-modules} — > [0, oo). 

For a finite CW-complcx X endowed with tti {X) F, the twisted homology module 

H,{X;UT) = H,{C4X ;Zr) ®j^tUT) 

is defined by viewing UV as a QF-module via the natural inclusions QF MV 
UT, and is known to be finitely generated. The -Betti number j3'f'\x) is defined 
to be f3f\x) = dixaP Hi{X;UT). For a CW-pair (3f\x,A) is similarly 

defined. (In this paper the choice of 7ri(X) F will always be clearly understood 
and so we do not include it in the notation.) It is known that the analytic and 
L^-homological definitions are equivalent to the algebraic definition described here 

|Liic02l Chapter 1, 6 and 8]. 

Following Cochran-Orr-Teichner |COT03j . we will focus on the case of a poly- 
torsion-free-abelian (PTFA) group, which is defined to be a group admitting a 
finite length normal series {Gi} with torsion- free abelian quotients Gi/Gi+i. In 
this paper F is always assumed to be PTFA. Also, we assume that 7ri(A') F 
is nontrivial, since a trivial homomorphism gives nothing beyond the (untwisted) 
rational coefhcient. 

Proposition 2.1. Suppose W is a connected compact ^-manifold (possibly with 
nonempty boundary) endowed with a nontrivial homomorphism 7ri(IF) F. Then 

(1) pf\w)<p,{w)-i, 

(2) I3'^\W) < f32{W), and 

(3) P'^^\W) < /^3(^) ~ ^ '-^^ 

~ [/93(W^) otherwise. 

Remark 2.2. (1) When dW is nonempty, the proposition also gives an upper 
bound of Pi ' {W, dW) in terms of the ordinary Betti number, by duality. 
(2) In the special case that Hi{dW;Q) = Hi{W;Q) and dW is nonempty, a 
similar result was proved (at least implicitly) in |UOT03| . Our proof of 
ProDOsition l2. II proceeds similarly to |CQT 03|. but we need some technical 
modification to get rid of the iJi -isomorphism condition. 

Lemma l2 . 31 below provides facts on a PTFA group which are necessary to prove 
Proposition ED For a proof of Lemma lO see |UOT03| . 
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Lemma 2.3. (1) QF is an Ore domain so that there is a (skew-)field IC of 
right quotients of QT. Every IC-module M is free and has a well-defined 
dimension dimx; M . 

(2) Suppose that is a finitely generated free chain complex over QT. If 
Hi{C^ ®QT Q) = for i < n, then Hi{C^, ®Qr /C) = for i < n. 

In particular, the existence of the skew-field IC of quotients enables us to under- 
stand the L^-dimension as the ordinary dimension over /C, as follows: it is known 
that if Qr is an Ore domain, then the natural map QT lAT extends to an em- 
bedding K. UV Liic02 . For a space X equipped with 7ri(X) F, let denote 
the Betti number with /C-coefficients by (3i{X\IC) — dim^c Hi(X;IC). By definition, 
Hi{X\UT) is the homology of the cellular chain complex 

C,{X- QF) ®Qr UT = {C,{X- QF) ®Qr K,) ®k UT. 

Since H^{X; IC) = _ff*(C»(X; QF) (g)Qr A^), we have the universal coefficient spectral 
sequence 

El^ = Tor^(ir,(X;/C),Z^F) ^ Hp+,{X-UT). 
Since all higher Tor terms vanish over the Al^-coefficient, it follows that 

H,{X;UT) = Hi{X;IC) ®k.UT. 

Therefore Hi{X\lAT) is always a free WF- module whose WF-rank is equal to the 
/C-coefRcient Betti number (3i{X]lC). Since dimp^(Z//F)" — n (e.g., see |Luc02| 1. we 
obtain 

(2) 

Lemma 2.4. fS^ ' {X) ~ l3i{X; IC), and similarly for a pair {X, A). 

In order to prove Proposition 12. II we first deal with the first Betti number. 

Lemma 2.5. Suppose {X,A) is a finite CW-pair with X connected, and tti{X) — > F 
is a homomorphism. Then 

(1) If A is nonempty, Pi{X,A;IC) < l3i(X,A). 

(2) If A is empty, /3i(X;/C) < l3i {X) - 1. 

We remark that the absolute case (2) was shown in jCOTOSL Proposition 2.11]. 

Proof. Suppose that A is nonempty. Denote (3 — Pi{X,A), and let {Y,B) be the 
disjoint union of (3 copies of {I,dl) where / — [0, 1]. Choose a map /: {Y,B) 
{X, A) which induced an isomorphism Hi{Y, B; Q) Hi{X, A; Q). 

By replacing X with the mapping cylinder Mf = {¥ x I) U X/{y,0) ~ f{x) of 
/, and replacing A with {B x I) U A C Mf, we may assume that / is an injection 
{Y,B) C {X,A) and Y f) A = B. From the homology long exact sequence with 
Q-coefficients derived from 

— > C4Y,B) — > C,{X,A) — > C,{X,YUA) — > 0, 

it follows that H,{X,Y U A; Q) = for i < 1. By Lemma O (2), H,{X,Y U 
A;IC) = for i < 1. Thus, from the long exact sequence with A^-coefficients, it 
follows that / induces a surjection Hi{Y, B; JC) Hi{X, A; JC). This shows that 
/3i{X,A;IC) < l3i{Y,B;IC). On the other hand, since Ci{Y,B;IC) = for aU i but 
Ci{Y,B;IC) = /C^, l3i{Y,B-JC) = /?. This completes the proof of (1). 

Suppose A is empty. To apply the previous case, we choose a point * E X and 
consider the pair {X, {*}). In the exact sequence 

^ Hi{X-IC) Hi{X,{*};IC) Ho{{*};IC) Hi{X;IC), 

Hod*}; IC) — IC obviously and Hq{X; IC) — A^/(7ri(X)-action) is trivial since /C is a 
division ring and tti(X) — + F is nontrivial. It follows that 

/3i(X;/C) + 1 = /3i(X, {*};/C) < {*}) - f5^{X). □ 
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Proof of Proposition \2.1\ Suppose 14^ is a compact connected 4-manifold equipped 
with Tii{W) r. Since W has the homotopy type of a finite CW-complex with 
cells of dimension < 4, we may assume that the chain complex C*(iy; — ) is finitely 
generated and has dimension < 4. 

By Lemma lT^ we can think of I3^{W] K) instead /jf ^ {W). So (1) follows directly 
from Lemma 12.51 

To prove (3), observe that the duality implies (iziW-.lC) = f3i{W,dW; K.). If 
dW is empty, Pi(W,dW;IC) < Pi{W) - 1 = (iaiW) - 1 by Lemma ESI If dW is 
nonempty, f3i{W, dW; K) < l3i{W, dW) = l3z{W) again by Lemma E31 

To prove (2), we use the fact that the Eulcr characteristics for the Q- and IC- 
coefl[icients are the same, that is, 

^(-im(w^;/c) = ^(-im(w^). 

Since 'Ki{W) ^ F is nontrivial, [3q{W]1C) — 0. When W has nonempty boundary, 
fio{W,dW]lC) = since f3o{W,dW-lC) < l3o{W;IC). From this it follows that 
P4{W;IC) = 0. Plugging these values and the inequahties proved above into the 
Euler characteristic identity, we obtain f32{W;IC) < (32iW). □ 

Upper bounds of L^-signatures. We define the von Neumann -signature as 
follows: for a 4fc-manifold W endowed with tti{W) F, the Z//F-cocfficicnt inter- 
section form 

A: H2kiW;UT) x H2kiW;UT) UT 
is a hermitian form. In our case, H2k{W;Ur) is always a free WF-module since 
F is assumed to be PTFA. By spectral theory, H2k{W;UT) is decomposed as an 
orthogonal sum of canonically defined subspaces H-^-, H^, and Hq such that A is 
positive definite, negative definite, and trivial, on and Ho, respectively. 

The L^-signature of W is defined to be 

sign^^^W) = dim[,^'(iJ+) - dim[,^^(iJ_) e R. 

For more details and the relationship with other ways to define the L^-signature, 
refer to COT03i and ^0^. 

Lemma 2.6. | aign^^^W)] < Pi^^C^)- 

Proof Since H+,H^ C H2kiW;UT) and H+ D H_ = {0}, L^-dimension theory 
enables us to show 

using an L^-analogue of a standard argument of elementary linear algebra, (e.g., 
refer to Chapter 8 of |Liic02| . where it is shown that dim!?'' satisfies a set of axioms 
which includes all the properties we need.) From this the conclusion follows. □ 

Combining Lemma 12.61 with Lemma |2. II we obtain: 

Lemma 2.7. If W is a compact connected 4^-manifold endowed with a nontrivial 
homomorphism ■ni{W) F, then 

|sign(2)(VF)| <I32{W). 

Now we are ready to show the first part of Theorem 11.11 stated in the intro- 
duction. We adopt the following topological definition of the p-invariant, as in 
Chang- Weinberger ICW()3| . (See also Cochran-Orr-Teichner IC()T()3p Let M 
be a 3-manifold endowed with 7ri(M) F. It is known that there is a bigger 
group G containing F and a 4-manifold W such that dW consists of r components 
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Ml,..., Mr (r > 0), Mi ^ M, and TTi{Mi) ^ T ^ G factors through -ki{W) 
for each i. (For a proof, see the appendix of |CW03j : they consider the case that 
7ri(M) — r but the same argument works in our case as weh.) Then p{AI,(f>) is 
defined to be the following signature defect: 

p(M,(/)) = i(sign(2)(W^) - sign(lF)) G R 

where sign^^^(W^) and sign(W^) denote the L^-signature associated to Tri{W) G 
and the ordinary signature, respectively. The real number p{M, <j)) is determined 
by M and 0, and independent of the choices we made. From the results in |LS03j 
it follows that p{M, (f) defined above coincides with the p-invariant of Cheeger- 
Gromov 

Proof of Theorem \l.l\ fl). Suppose is a compact connected 4- manifold with 
boundary M, and 'ni{W) ^ F is given. Let denote the composition ■ki{M) 
TTiiW) ^ r by Our goal is to show that \p{M, 0)| < 2/32(VF). 

Since (p factors through Tri(W), we can compute p{M,(f)) using W; by the defi- 
nition above, 

p{M,<j>) = sign(2)(iy) - sign(T4^). 

Obviously |sign(VF)| < (32iW). By Lemma O | sign(^)(VF)| < /92(VF). From this 
the desired conclusion follows. □ 

3. Extending coefficient systems to bounding 4-manifolds 

Suppose W is a. topological 4-manifold with boundary M and tti{W) ^ F is 
given. (M is endowed with the induced map tti{M) — > F.) In this section we deal 
with the problem of extending a bigger coefficient system on M to W to prove 
Theorem ll.il (2). To state a more detailed form of Theorcm ll.il (2). we need the 
following facts from COT03j : suppose 7^ is a (possibly non-commutative) subring 
of IC which is a FID containing ZF. In this section we assume that Hi(M;TZ) is 
7^-torsion. 

(1) Blanchfield form on Hi{M;n). The Bockstein map B: H2{M;IC/n) 
Hi{M; n) and the Kronecker evaluation k: H^{M; JC/n) Hom(iJi(M; n),K,/n) 
are isomorphisms. The Blanchfield form, which is defined to be the isomorphism 

Bt: Hi{M-n) ^ H2{M;IC/n) ^^^^ H\M;IC/TZ) 

Hom(i^l(Af;7^),/C/7^), 
is a symmetric linking form on iJi(M; 7^) jCOT03l p. 451]. 

(2) Coefficient systems induced by characters. A homomorphism h: Hi{M; TV) 
JC/TZ gives rise to a group homomorphism ip: t:i{M) IC/TZ x: F in a natural way. 
Indeed, is a lift of 7ri(M) F, i.e., 

JC/n XI F 

projection 

7ri(Af) ^ F 

commutes, and the restriction of -0 on = Kcr{7ri(Af) F} agrees with 
N — > N/[N,N] = Hi{M;ZT) — > Hi{M;n) K/Tl C K/Tl >^ F. 
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Furthermore, -0 factors through tti{W) if h factors through Hi{W;n) |UOT03[ p. 
455]. 

Note that IC/TZ is a torsion-free abehan group, and therefore IC/TZ x F is PFFA 
when F is PTFA. We also recall that, as in case of a commutative FID, any finitely 
generated 7^-module M is isomorphic to F ® tM where F is a free module of rank 
dimjc{M ®Ti K.) and tM is the 7^-torsion submodule of M. (e.g., refer to |Coh71j .) 
tM is isomorphic to a direct sum of cyclic modules of nonzero order. 

Now we can state the result we will prove in this section. Denote by d the 
boundary map H2{W, M; TZ) i?i(M; TZ). 

Theorem 3.1. Suppose that i^2(VF,M;7^) = F d) tH2{W, M^TZ) and d{F) is a 
proper submodule of Hi (M; TZ) for some free summand F. Then there is a nontrivial 
submodule P in Hi{M; TZ) such that for any x G P, the homomorphism 

B£{x): Hi{M;TZ) — > JC/TZ 

factors through Hi{W;TZ) . 

In particular, if Hi{M;TZ) is never generated by l32{W) elements, then since 
f32{W,M;IC)=(32{W;IC)^(3i^\w)<p2{W) 

by duality and Lemma f2. II the hypothesis of Theorem 13. II is satisfied. It it is the 
case, then for x ^ P, B£{x) gives rise to a homomorphism tti (M) JC/TZ F which 
factors through ■ni{W). This proves Theorem ll.il (2). 

The remaining part of this section is devoted to the proof of Theorem 13. II As 
the first step, we will show that for the boundary of a relative 2-cycle of iW, M), 
the Blanchfield form of M can be computed via the intersection form of W. Indeed 
it is a consequence of the following algebraic observation: 

Lemma 3.2. Suppose TZ is a (possibly non- commutative) ring with (skew-) quotient 
field K., and 

— > ^ C» ^ Cl' — > 
is an exact sequence of chain complexes over TZ such that iJ„(C" ® K.) = = 
i?„_i(C" 0/C). Then 

a: HniC'J) Hn{C': ® /C) ^ i?„(a /C) ^ i/„(a IC/TZ) 
coincides with 

/3: HniC'J) ^ Hn-i{C:) ^ H,,{Ci ® IC/TZ) ^ H^{C ® IC/TZ). 

Proof. First note that the Bockstein B and the induced map are isomorphisms 
since Hr,{C'^ (g) K.) = = H^-iiC'^ IC). 

We will regard C'^ as a submodule of C* and denote the homology class of a cycle 
x by [x\. Suppose z is a cycle in C", and x £ C„ is a pre-image of z, i.e., p(x) = z. 
Hj{Cl) ® IC = Hj{Cl (8) /C) = for j = n, TT, — 1 since IC is a flat 7?.- module, and 
therefore p induces an isomorphism _ff„(C*) ® /C = Hn{C'J) ® IC. It follows that 
there is a cycle y in C„ such that p^.[y] — [z] -r in iJ„(C") for some nonzero r € TZ, 
that is, there is m £ C„+i such that du — x-r — y + w where w G C'^ C Cn- Since 
dy — 0, dw = dx ■ r. Therefore w ^ is a cycle in ® IC/TZ. 

Since [y ®^ = \z® 1], it can be seen that o\z\ — \\. On the other hand, 
by the definition of the Bockstein homomorphism, B\w ®^ = \dx\, and therefore, 
= \w®\\. 

In Cn® IC/TZ, we have 

^/ 1\ 11 11 

o\u® -] = X — y ® — V w ® - — —y ® — \-w®-. 
\ rJ r r r r 
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□ 



From this it follows that [y 

Recall that d denotes the boundary map H2{W, M; TV) Hi{M ; TZ). 
Lemma 3.3. Let $ he the composition 

$: H2{W,M-n) — > H2{W,M;iq ^ H2{W;K,) — > H2{W;IC/n) 

^ H^{W,M;IC/n) Hom(i^2(W^,M;7^),/C/7^), 

where k is the Kronecker evaluation map. Then B£{dx){dy) = ^{x){y) for any 
x,yeH2{W,M;n). 

Proof. From Lemma l3.2l and the naturality of duality and the Kronecker evaluation, 
we obtain the following commutative diagram: 

H2{W,M;TZ) 



Hi{M-n) 



H2{W-K,) 



H2{W-K/n) ^ 

duality S 

H^{W,M;lC/n) 



Hom(i^2(VF,A^;7^),/C/7^) 



H2iW,M;IC) 



Hi{M;lC/n) 

Si duality 

H\M;]C/n) 



Hom(i^l(A/;7^),/C/7^) 



Be 



Here the map d* is given by d'^{4>){y) = ipidy)) for i/;: Hi{M\TZ) 
y G H2{W, M;TZ). From this the conclusion follows. 



IC/n and 
□ 



Proof of Theorem \3.1\ For a submodule P in Hi{M ;TZ), we denote 
P^ ^ {ye Hi{M; n) I Be{x){y) = for aU x £ P}. 
Consider the exact sequence 

>H2{W-n) H2{W,M;TZ) Hi{M;TZ) Hi{W-n) — ^ ■ • ■ . 

We will show that there is a nontrivial submodule P in Hi{M;TZ) such that the 
image d{H2(W, M;TZ)) is contained in P^. Indeed from this claim it follows 
that, for any x G P, B£{x): Hi{M;TZ) — > IC/TZ gives rise to a honiomorphism 
Cokerc? JC/TZ, which automatically extends to Hi{W; TZ) since JC/TZ is an injec- 
tive 7^-module. This completes the proof. 

Recall that we wrote i^2(W,M;7^) = F ® tH2iW, M;TZ) where F is free and 
tH2{W, M;TZ) is the torsion submodule. To prove the claim, we consider the fol- 
lowing two cases: 

Case 1: Suppose d{tH2{W, M;TZ)) is nontrivial. Consider the composition $ 
described in Lemma rOl For any x G tH2{W, M;TZ) we have = 0, since 

$ factors through H2{W, M; IC) which is torsion free. Therefore B£{dx){dy) = 
^x){y) = for any y G H2iW, M^TZ). This shows that P = d(tH2{W, M^TZ)) is a 
nontrivial submodule satisfying the desired property. 

Case 2: Suppose d{tH2{W, M;TZ)) is trivial. Then the image of d is equal to 
d{F), which is a proper submodule of Hi{M; TZ) by the hypothesis. Appealing to 
the lemma below, which should be regarded as folklore, it follows that P = d{F)^ 
is nontrivial. It is obvious that this P has the desired property. □ 
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Lemma 3.4. Suppose A is a finitely generated torsion TZ-module endowed with a 
symmetric linking form given by an isomorphism ^' : A — > Honi(A, 1C/7V). Then for 
any proper suhmodule B in A, is nontrivial. 

Proof. From the exact sequence 

— > Hom(A/B,/C/7^) ^ Hom(A,A:/7^) Hom(B,/C/7^) 

it follows that B^ = ^'"^(Keri*) = ^'^^(Imp*). So it suffices to show that 
Honi(A/i?, JC/TZ) is nontrivial. Note that every cyclic module TZ/pTZ with p ^ is 
(isomorphic to) a submodule of IC/TZ . Since A/ B is a nontrivial torsion module, it 
has a summand of the form TZ/pTZ with p 7^ 0, by the structure theorem of finitely 
generated 7^-modules. It follows that Hom(A/_B, /C/7?.) is nontrivial. □ 

4. Construction of a bordism from a locally flat surface 

In this section we will prove Proposition 11.21 Suppose is a topological 4- 
manifold with boundary M such that Hi{W) — 0, and cr is a 2-dimensional homol- 
ogy class contained in lm{H2{M) — > H2{Wy}. First we describe a homomorphism 

: 7ri(M) Z which is determined by a. Consider the exact sequence 

H2{W) — > H2{W,M) Hi{M) — > Hi{W) = 0. 

The intersection with a gives a homomorphism cr- : H2{W, M) Z, which induces 
a homomorphism ha : Hi{M) — > Z since a- vanishes on the image of H2{W). Define 
4>a to be the composition 

4>„: 7ri(Af) — > Hi{M) ^ Z. 

Recall that ProDOsition ll.2l claims that if there is a locally flat surface S of genus g 
in W which represents the class a G H2{W) and the map is nontrivial, then there 
is a topological 4-manifold V bounded by M such that P2{V) — P2 (W) + 2g — l and 
00- factors through Hi{V). Roughly speaking, we will construct V by performing 
"surgery along S" on W. 

Proof of Provosition M.SX By Alexander duality, H2{W,W — S) can be identified 
with -ff^(S) = Z. From the exact sequence 

i?2(W^) ^ i?2(VF, W -Y.) — > Hx{W - E) — > iJi(VK) = 

it follows that il\{W — S) = H2{W, — S) = Z since the leftmost map cr- is given 
by the intersection of a 2-cycle with cr, which is always zero. 

Note that S has trivial normal bundle in W since E is connected and the self- 
intersection cr • cr vanishes. There is a bijection between the set of (fiber homotopy 
classes of) framings on E and [E, S^] — -ff ^(E, Z) which can be identified with Z^^ by 
choosing a basis {2;^} of 7Ji(E). Pushoff along a framing induces a homomorphism 
i?i(E) Hi(W — E) in such a way that if the framing corresponding to £ Z^^ 
induces h: -ffi(E) — > Hi{W — E), then the framing corresponding to (a^) e Z^^ 
gives rise to a homomorphism sending Xi to h(xi) + ai[^j] where /j, is a meridional 
curve of E. Since Hi{W — M) = Z is generated by [^], it follows that there is 
a framing inducing a trivial homomorphism _ffi(E) — + Hi{W — E). We identify 
a tubular neighborhood of E in with E x under this framing, and denote 
N = -int(E X L>2). 

Choose a 3-manifold R with boundary E such that -ffi(E) Hi{R) is surjective 
(e.g., a handlebody with the same genus as E may be used as R). Let 

V = {NU{Rx S^))/ ^ 
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where S x 5^ C dN and dR x are identified. From the Mayer- Vietoris sequence 

>Hi{Y.xS^) — > Hi{N) ®Hi{Rx S^) — > Hi{V) — > 

for V = NU{Rx S^), it follows that Hi{V) ^ Hi{N) = Z since -> Hi{R) 

is surjective and : J?i(S) Hi{N) is trivial by our choice of the framing on S. 
From the definition it is easily seen that ha is equal to the map Hi{M) — > Hi{V) = 
Z induced by the inclusion. Therefore ^o- factors through tti{V) as desired. 

The Betti number assertion follows from a straightforward computation. For the 
convenience of the reader, we give details below. From the above Mayer- Vietoris 
sequence it follows that 

X(S X S^) + x{V) = x{N) + x{R X s^) 

where x denotes the Euler characteristic. x{^) + x(^) = x(W^) by the long exact 
sequence for the pair {W,N) and Alexander duality. Since x(X x 5^) = for any 
X, it follows that 

X{V) = x{W) - x(S) = x{W) + 25-2. 

From the hypothesis that Hi{W) = 0, it follows that l3i{W) = and PziW) = 
f3i{W^M) — Po{M) — 1. Pi{V) = 1 as shown above. Since ip^ is nontrivial, so 
is Hi{M) Hi{V) = Z and thus has torsion cokernel. It follows that /33{V) = 
f3i{V,M) — Po{M) — 1. Combining these observations on the Betti numbers with 
the Euler characteristic identity, the desired inequality follows. □ 

5. Slice genus 

In this section we apply the results proved in the previous sections to investigate 
the slice genus of a knot K in S^. Indeed our results give lower bounds of the genus 
of a spanning surface in a homology 4-ball; for a knot X in a homology 3-sphere Y 
which bounds some (topological) homology 4-ball, let 5J (K) be the minimal genus 
of a locally flat surface F in a homology 4-ball X such that d{X,F) = {Y,K). 
Obviously g^{K) < gl{K) < gl{K) for a knot if in S'^. 

For (X, F) as above, consider the 4-manifold W obtained by attaching a 2- 
handle to X along the preferred framing of K. The boundary of W is the result of 
surgery on Y along the preferred framing of if, which we will call the zero-surgery 
manifold of K and denote by Mk- Note that Hi{Mk) = Z is generated by a 
meridian of K. Let a be a generator of H2{W) = Z. It can be easily seen that the 
abelianization map 0: ■ki{Mk) Hi{Mk) = Z is exactly the homomorphism (p^ 
defined in Section^ Also, note that a is represented by a surface in Mk, namely 
a capped-off Seifert surface of K. 

Attaching to F the core of the 2-handle of W , we obtain a surface S with the 
same genus as F which represents the homology class a £ H2{W). Therefore, by 
Proposition 11.21 one obtains a nuU-bordism of Mk over Z with bounded (52] we 
state it as a proposition. 

Proposition 5.1. There is a topological 4-manifold V with boundary Mk such that 
(f>: '!Ti{Mk) Z factors through tti{V) and P2{V) < 2(7^'(if). In particular, if K 
is a knot in , then f32{V) < 2gl{K). 

This enables us to use Theorem ll.il possibly repeatedly, to obtain lower bounds 
of g^{K). We remark that while a lower bound is obtained from p{MK,(t>) by 
applying Theorem ll.il (1) directly, it gives us no interesting result since it is known 
that p{AIk, <j>) is determined by the signature function of K |UOT03| . However, it 
turns out that the p-invariants associated to bigger coefficient systems obtained by 
Theorem ll.il (2) actually reveal new information on the slice genus which cannot 
be obtained via previously known invariants, as mentioned in Theorem 11.31 The 
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remaining part of this section is devoted to the construction of examples illustrating 
this. 

Construction of examples. Our examples will be constructed using a well known 

method that produces a new knot from a given knot by "tying" another knot along 
a circle in the complement. For a knot J, we denote its exterior by Ej = S^— (open 
tubular neighborhood of J) . Suppose Kq is a knot and is a circle in — Kq which 
is unknotted in S^. Choose a (closed) tubular neighborhood U of rj in — Kq- 
Removing the interior of U from — Kq and attaching the exterior Ej of a knot 
J along the boundary of U in such a way that a meridional curve of r? is identified 
with a curve null-homologous in Ej, one obtains the complement of a new knot in 
S^, which we will denote by Ko{r], J). In some literature this construction is called 
the "satellite construction" or "genetic infection" . 

We start by choosing a knot Kg in S"^ whose Alexander polynomial AK^{t) is 
a cyclotomic polynomial $n(t) with n divisible by at least three distinct primes. 
Indeed, by a well-known characterization due to Levine, there is such a knot if 
and only if $„(t~^) = ±t^^n{t) for some s and $«(!) = ±1. Since the complex 
conjugate of a root of unity is its reciprocal, $„(t) satisfies the former condition. 
For the latter condition, one may appeal to the following lemma: 

Lemma 5.2. For n>2, ^'n(l) = 1 and only if n is not a prime power. 

Proof. If n = is a prime power, then it is easily seen that $„(t) is given by 

$„(f) =fP''"'(p-i) + +1 

and therefore $n(l) = p. 

Conversely, suppose n = p"^ ■ • -p"^ with p, prime and r > 1. We recall that 

r-l = []$d(i). 

d\n 

By eliminating the factor of t — 1 and rearranging terms, we obtain 

r-i + • . • + 1 + 1 = ( n fj it)) ■ <Pn{t) ■ hit) 
\ i=l j=l ' / 

Plugging f = 1, it follows that $„(l)/i(l) = 1 and so $„(1) = 1. □ 

Denote the (rational) Alexander module Hi{Mj;Q\t,t~^\) of a knot J by Aj, 
and the mirror image of J by — J. (Here we adopt the standard convention of the 
orientation of — J so that J#(— J) is always a ribbon knot.) 

Returning to our construction, for an unknotted circle in t] disjoint to Kg and 
two knots J and J' which will be chosen later, consider the connected sum 

K = i^{K,{n,J)#-{K,{ri,J'))) 

of g identical knots. 

We choose r] in such a way that the following properties arc satisfied: 

(PI) The linking number of r] and Ks vanishes, so that 77 represents a homology 

class [t]] S Ak, ■ Furthermore, [77] is a generator of Ak^ ■ 
(P2) For any J and J', K satisfies ,gJ(K) < g. 

(P3) For any J and J', K is algebraically slice, i.e., K has a Seifert matrix of a 
slice knot. 

(P4) For any J and J', K has vanishing Casson-Gordon invariants. 
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For this purpose, we first choose a Seifert surface F of Kg- F consists of one 
0-handle and 2r 1-handles, where r is the genus of F. Choose unknotted circles 
7i , . . . , j2r in — F which are Alexander dual to the 1-handles of F, as illustrated 
in Figure ni 



-1(11) (M) 
_II_IL 



F 



J 



K=dF 



Figure 1. 

Since each 7^ is disjoint to F, it represents a homology class [7^] G Ak^ ■ Also, 
it can be seen that the [7^] generate AK^^ by a standard Mayer- Vietoris argument. 
Therefore one of the [7^], say [71], is nontrivial in Ak^- Let 77 be 71. 

Lemma 5.3. 77 satisfies the properties (P1)-(P4) required above. 

Proof. Obviously rj has linking number zero with K. Since Ax^it) is irreducible, 
Aks — i^KAt)), and [rj] ^ is automatically a generator of Ak,- This 

shows (PI). 

Let L = X,(?7, J)# - {Ks{ri,J')). We claim that gl{L) < 1, from which (2) 
easily follows. To prove the claim, observe that L is obtained from the ribbon knot 
Ksf^{—Ks), by "tying" J and J'. Note that the boundary connected sum of F 
and —F is a Seifert surface for Ksff{~Ks). Tying J and J', the Seifert surface of 
Ksf^{—Ks) becomes a Seifert surface E of genus 2r for L. E consists of a single 
0-handle and 4r 1-handles iJi, . . . , i?4r, where Hi is the image of the H^r-i+i under 
an obvious reflection, for 2 < i < 2r. Joining the endpoints of the core of Hi to their 
image under the reflection using disjoint arcs on the 0-handle of E for 2 < i < 2r, 
we obtain (2r — 1) disjoint circles a2, . . • , Oi2r on E. See FigureEl 




Figure 2. 

The union of the is a smoothly slice link, being the connected sum of a 
link and its mirror image. Thus there are disjoint 2-disks Di, . . . , -D2r-i smoothly 
embedded in such that dDi = ai. Since the Seifert form deflned on E vanishes 
at (at, aj), one can do ambient surgery on E along the ai, using the disks Di in D^, 
as in | Lev69| . This produces a genus one surface in Z?^ with boundary L. Therefore 
giiL) < 1. This completes the proof of (P2). 

Since L shares a Seifert matrix with Ksf/={—Ks) which is a ribbon knot, L is 
algebraically slice. From this (P3) follows. 

It is easily seen that Axit) — Since n has been chosen to be divisible 

by three distinct primes, (P4) holds due to a result of Livingston |Liv02| . □ 
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Let C be the smooth knot concordance group. 

Lemma 5.4. Suppose C 1^} is a finite collection of group homomorphisms 

satisfying |$q:(— )| < faigli^)) /o'" some real-valued function fa. Then, there are 
knots J and J' such that our K satisfies the followings: 

(1) g'iiK) ^ gliK) ^ gtXK) ^ g. 

(2) <S>a{K) = for each $„. 

Note that the Ozsvath-Szabo r-invariant |OS03| and Rasmussen s-invariant 
|Ras04j can be viewed as homomorphisms of C giving lower bounds of g^. There- 
fore, from Lemma|^](2), it follows that J and J' can be chosen in such a way that 
K has vanishing r- and s-invariants. 

Proof of Lemma \5.4\ Let K' be the connected sum of g copies of Ksf/^{—Ks). By 
Cheeeer-Gromov |CG85| . there is a universal bound C of the p-invariants of the 
zero-surgery manifold Mk' of K', i.e., \p{Mk' , 0')l — ^ ^'^^ homomorphism (j)' 

oiiriiMK'). 

Following |(X)Tn4| . for a knot J, let 

P{J) = / crj(^) 

be the integral of the knot signature function 

crj(w) = sign((l - Lu)S + (1 - Lu)S'^) 

over the unit circle 5*^ normalized to unit length, where is a Seifert matrix of J. 
We claim that there are two knots J and J' such that 

(i) |p(J)| >C + 4g, 

(ii) \p{J')\>C + 4g + g-\p{J)\, and 

(in) ^a{Ks{v, J)) = ^a{Ksiv, J')) for each 

To prove the claim, we consider a sequence {Ji} of knots constructed inductively 
as follows. Let Jq be a knot with |/o( Jo)| > C + Ag. Assuming Ji has been chosen, 
let Ji+i be a knot satisfying 

\p{J,+i)\ > C + 4g + g ■ \p{J,)\. 

For example, one can choose as Ji the connected sum of sufficiently many copies 
of any knot with nonvanishing p, e.g., the trefoil knot, since p is additive under 
connected sum. 
Since 

gtiKs{v,J^))<giKs{v,J^))<9{Ks) 
where g(— ) denotes the 3-genus (Seifert genus), there is an upper bound, say Ma, 
oi fa{gl{Ksi'n,Ji))), i-e., fa{gl{Ks{v,Ji))) < Ma for any J^. Since 

\^a{Ks{v,m < fa{g^iKs{^hJ^))) 

by our hypothesis, it follows that \^a{Ks{r], Ji))\ is bounded by Ma- Therefore the 
function Z — > Z''^*"'^! given by 

i > {<PaiKs{v,Ji)))a 

has finite image. It follows that for some i < j, ^a{Ks{r], Ji)) — ^a{Ks{ri, Jf)) for 
each $Q. Choosing J = Ji and J' = Jj, the claim follows. (Indeed our argument 
shows that there are infinitely many pairs {J, J') satisfying the desired properties.) 
Recall that our K is given by 

K^#{Ks{v,m-{K,{v,J'))). 

By (iii) above, vanishes at Ks{r], J)# - {Ks{f], J'j). It follows that ^a{K) = 
for each . This proves the second conclusion of the lemma. 
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To prove the first conclusion, it suffices to sliow tliat {K) > g hy the property 
(P2) above. Suppose g^{K) < g. By Proposition 15.11 there is a 4-manifold V 
bounded by Mk such that P2{V) < 2g and 0: tti{AIk) ^ factors through tti{V). 

Letting T = Z, TZ = Q[t,t"^], and JC = we will apply Theorem ITTl (2) to 

obtain a new coefhcient system which is a lift of (j). The conditions required in 
Theorem ll.il (2) are verified as follows. It is well-known that Ak ~ Hi{Mk\'TV) is 
always 7?.-torsion. We claim that Ak is not generated by I32{V) elements. Since 
the Alexander module is additive under connected sum and the knots Ks{ri, J) and 
Ks{ri,J') share the Alexander module with Kg, we have Ak — Ak,- Since 
Ak^ is nontrivial and P2{V) < 2g, Ak is never generated by P2{V) elements as 
claimed, by appealing to the structure theorem of finitely generated modules over 

Therefore, by applying Theorem ll.il (2) and then (1), it follows that there is a 
nontrivial homomorphism h: Ak — > IC/TZ that gives rise to a homomorphism 

0i: ^i(Mx) ^(/c/7e) xr 

such that 

n \p{MK,<f>i)\<2P2iV)<4g. 

Note that K can be viewed as a knot obtained from K' by tying J and —J'g 
times. So, from jCOT04l Proposition 3.2] it follows that for some 0': ni{AlK') 
(IC/n) X F, 

a a 
p{Mk, 0i) = p{Mk' ,</>')+ 51 "^-^^-^^ " ™''°('^')- 

i=l i=l 

Here = if the {2i — l)-st factor of Ak — Ak^ is contained in the kernel of 
h, and = 1 otherwise. The are determined similarly by the behaviour of the 
(2i)-th factor of Ak- 

Since /i is a nontrivial homomorphism of Ak, at least one rii or rrii is nonzero. 
If mi = for all i, then since rii ^ Q for some i, we have 

\p{Mk, 01 ) I > W) I - \p{Mk' A')\>{^9 + C)-C^Ag 

by (i) above. It contradicts (*). Therefore rrii ^ for some i. In this case, by (ii) 
above, we have 

\p{Mk, c^i)\ > \p{J')\ - g ■ \p{J)\ - \p{Mk'A')\ > (45 + C) - C = Ag- 
It again contradicts (*). This shows that g'^{K) > g- □ 

Remark 5.5. It can be easily seen that our construction produces infinitely many 
knot types of K. In fact, one can use infinitely many knot types as our Kg, J, 
and J'. 

Remark 5.6. Using results in |COT08j . it can be shown that the nonvanishing 
of the p-invariants we considered in the proof of Lemma l5 . 41 implies that our K is 
not topologically slice. Our result generalizes this. In fact, our construction can 
be used to construct K which is (l)-solvable but not (1.5)-solvable, in the sense of 
|COT03j . It would be an interesting question whether there are (ft,)-solvable knots 
with topological slice genus g for any h ^ ■^'Z and any g > 1- 

We finish this section with an observation on the failure of an attempt to extract 
information on the minimal genus for our example using previously known results. 
In |KM61I IH?7T1 IR,ok71l ILW97I ILWOflj lower bounds of the topological minimal 
genus are obtained for a homology class cr G H2{X) in a topological 4-manifold 
X which is closed or has boundary consisting of homology sphere components. 
When X is simply connected, jKM61 | provides an obstruction to being represented 



16 



JAE CHOON CHA 



by a locally flat sphere, i.e., minimal genus > 1, based on the Rokhlin theorem. 
When Hi{X) = 0, mT^TTl l^kTI . .T.Wfl?. .T^Wnfij provides higher lower bounds of 
the following form: 

2 • (minimal genus) > ^P2{X) + max 

0<j<d 

where d is a positive integer such that a is contained in the subgroup d ■ H2{X). 
(A more refined result of Lee-Wilczyhski jLWflOl Theorem 2.1] may potentially give 
further lower bounds, however, computation seems infeasible when Hi{X) ^ 0.) 

For an arbitrary 4-manifold W with boundary and a G H2{W), if W embeds 
into a 4-manifold X such that the above inequality gives a lower bound for the 
image of a in X, then the result is also a lower bound for a in W . However, when 
the self-intersection of a is trivial, the above inequality gives no information since 
I32{X) > |sign(X)| for any X. In particular, in the 4-manifold W obtained by 
attaching a 2-handle to the 4-ball along the zero-framing of the knot K constructed 
in this section, the generator a € H2{W) has vanishing self-intersection so that the 
minimal genus is not detected in this way. Our results show that the minimal genus 
for a in W is exactly g. 

References 

[AM97] S. Akbulut and R. Matveyev, Exotic structures and adjunction inequality, Turkish J. 

Math. 21 (1997), no. 1, 47-53. 
[CG78] A. Casson and C. Gordon, On slice knots in dimension three, Algebraic and geometric 

topology (Proc. Sympos. Pure Math., Stanford Univ., Stanford, Calif., 1976), Part 2, 

Amer. Math. Soc, Providence, R.I., 1978, pp. 39-53. 
[CG85] J. Cheeger and M. Gromov, Bounds on the von Neumann dimension of -cohomology 

and the Gauss-Bonnet theorem for open manifolds, J. Differential Geom. 21 (1985), 

no. 1, 1-34. 

[CG86] A. Casson and C. Gordon, Cobordism of classical knots, A la recherche de la topologie 
perdue, Birkhauser Boston, Boston, MA, 1986, With an appendix by P. M. Gilmer, 
pp. 181-199. 

[Coh71] P. M. Cohn, Free rings and their relations. Academic Press, London, 1971, London 

Mathematical Society Monographs, No. 2. 
[COT03] T. D. Cochran, K. E. Orr, and P. Teichner, Knot concordance, Whitney towers and 

-signatures, Ann. of Math. (2) 157 (2003), no. 2, 433-519. 
[COT04] , Structure in the classical knot concordance group. Comment. Math. Helv. 79 

(2004), no. 1, 105-123. 

[CW03] S. Chang and S. Weinberger, On invariants of Hirzebruch and Cheeger- Gromov, Geom. 

Topol. 7 (2003), 311-319 (electronic). 
[Gil82] P. M. Gilmer, On the slice genus of knots. Invent. Math. 66 (1982), no. 2, 191-197. 
[HS71] W. C. Hsiang and R. H. Szczarba, On embedding surfaces in four- manifolds. Algebraic 

topology (Proc. Sympos. Pure Math., Vol. XXII, Univ. Wisconsin, Madison, Wis., 1970), 

Amer. Math. Soc, Providence, R.I., 1971, pp. 97-103. 
[KM61] M. A. Kervaire and J. W. Milnor, On 2-spheres in 4-manifolds, Proc. Nat. Acad. Sci. 

U.S.A. 47 (1961), 1651-1657. 
[KM93] P. B. Kronheimer and T. S. Mrowka, Gauge theory for embedded surfaces. I, Topology 

32 (1993), no. 4, 773-826. 
[KM95a] , Embedded surfaces and the structure of Donaldson's polynomial invariants, J. 

Differential Geom. 41 (1995), no. 3, 573-734. 

[KM95b] , Gauge theory for embedded surfaces. II, Topology 34 (1995), no. 1, 37-97. 

[Kro99] P. B. Kronheimer, Minimal genus in 5^ X M^, Invent. Math. 135 (1999), no. 1, 45-61. 
[Lev69] J. P. Levine, Knot cobordism groups in codimension two, Comment. Math. Helv. 44 

(1969), 229-244. 

[Liv02] C. Livingston, Seifert forms and concordance, Geom. Topol. 6 (2002), 403-408 (elec- 
tronic). 

[LM97] P. Lisca and G. Matic, Tight contact structures and Seiberg-Witten invariants. Invent. 
Math. 129 (1997), no. 3, 509-525. 



sign(X)-M^(,..) 



TOPOLOGICAL MINIMAL GENUS AND L^-SIGNATURES 



17 



[LM98] , Stein A-manifolds with boundary and contact structures, Topology Appl. 88 

(1998), no. 1-2, 55-66, Symplectic, contact and low-dimensional topology (Athens, GA, 
1996). 

[LS03] W. Liick and T. Schick, Various -signatures and a topological L'^ -signature theo- 
rem, High-dimensional manifold topology. World Sci. Publishing, River Edge, NJ, 2003, 

pp. 362-399. 

[Luc02] W. Liick, -invariants: theory and applications to geometry and K -theory, Ergebnisse 
der Mathematik und ihrer Grenzgcbictc. 3. Folgc. A Scries of Modern Surveys in Math- 
ematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern 
Surveys in Mathematics], vol. 44, Springer- Verlag, Berlin, 2002. 

[LW97] R. Lee and D. M. Wilczynski, Representing homology classes by locally flat surfaces of 
minimum genus, Amer. J. Math. 119 (1997), no. 5, 1119-1137. 

[LWOO] , Genus inequalities and four- dimensional surgery, Topology 39 (2000), no. 2, 

311-330. 

[MST96] J. W. Morgan, Z. Szabo, and C. H. Taubes, A product formula for the Seiberg-Witten 
invariants and the generalized Thom conjecture, J. Differential Geom. 44 (1996), no. 4, 

706-788. 

[OSOOa] P. Ozsvath and Z. Szabo, Higher type adjunction inequalities in Seiberg-Witten theory, 

J. Differential Geom. 55 (2000), no. 3, 385-440. 

[OSOOb] , The symplectic Thom conjecture, Ann. of Math. (2) 151 (2000), no. 1, 93-124. 

[OS03] , Knot Floer homology and the four-ball genus, Geom. Topol. 7 (2003), 615-639 

(electronic) . 

[Pla04a] O. Plamenevskaya, Bounds for the Thurston- Bennequin number from Floer homology, 

Algebr. Geom. Topol. 4 (2004), 399-406. 

[Pla04b] , Transverse knots and Khovanov homology, arXiv:math.GT/0412184, 2004. 

[Ras04] J. A. Rasmussen, Khovanov homology and the slice genus, arXiv:math.GT/0402131, 

2004. 

[Rok71] V. A. Rokhlin, Two-dimensional submanifolds of four- dimensional manifolds, J. Funct. 
Anal. 5 (1971), 39-48. 

[Rud95] L. Rudolph, An obstruction to sliceness via contact geometry and "classical" gauge 

theory, Invent. Math. 119 (1995), no. 1, 155-163. 
[Rud97] , The slice genus and the Thurston- Bennequin invariant of a knot, Proc. Amer. 

Math. Soc. 125 (1997), no. 10, 3049-3050. 
[Shu04] A. Shumakovitch, Rasmussen invariant, Slice- Bennequin inequality, and sliceness of 

knots, arXiv:math.GT/0411643, 2004. 



Information and Communications University, Munji-dong, Yuseong-gu, Daejeon 305- 
732, Republic of Korea 

E-mail address: jccha@icu.ac.kr 



